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Abstract. We consider a space of infinitely smooth functions on 
an unbounded closed convex set in R". It is shown that each function 
of this space can be extended to an entire function in satisfying 
some prescribed growth condition. Description of linear continuous 
functionals on this space in terms of their Fourier-Laplace transform 
is obtained. Also a variant of the Paley- Wiener-Schwartz theorem for 
tempered distributions is given it the paper. 



§1. Introduction 

1.1. On a problem. Let C be an open convex acute cone in with 
the apex in the origin [1, p. 73] and 6 be a convex continuous positively 
homogeneous function of degree 1 on C - the closure of C in R". The pair 
(6, C) determines a closed convex unbounded set 

t/(6,C) = {eGM'^: -<^,y><biy),yyeC}, 

not containing a straight line. 

Note that the interior of the set U{b, C) is not empty and coincides with 
the set 

Vib,C) = {^eR-: -<^,y><biy),yyeC}, 

and closure of V{b, C) in W is U{b, C). 

For brevity denote U{b, C) by U and V{b, C) by V. 

Let M = (Mfc)^Q be a non-decreasing sequence of positive numbers 
such that Mo = 1 and 

InMfc 
lim — ; — = +00. 

fc^oo K 
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Define the space Gm{U) of infinitely differentiable functions f on U as 
follows. For every m e N and £ > let Gm,e{U) be the space of C°°{U)- 
functions / with a finite norm 

oo 

Put Gm{U) = P) Gm,e{U)- Thus, Gm{U) is a subclass of the Schwartz 

m=l £>0 

class of fast decreasing functions on U . 

With usual operations of addition and multiplications by complex num- 
bers Gm{U) is a linear space. The family of norms Pm,e defines a local convex 
topology in Gm{U). 

Note that if {em)m=i arbitrary decreasing to zero sequence of positive 
numbers Em then the topology in Gm{U) can be determined also by the 
system of norms 

l(g°/)(;)l(i + INir .^,,,. 

We are interested to have a description of the strong dual space to the 
spaces Gm{U) in terms of the Fourier-Laplace transform of continuous linear 
functionals on Gm{U). 

Detailed consideration of this problem depends on additional conditions 
on a sequence M. J.W. de Roever [2] studied this problem under the following 
assumptions on M: 

1) . M| < Mk-iMk+i, yk e N; 

2) . 3Hi > 1 3i/2 > 1 yk,me Z+ Mk+„, < HiH^+"'MkMm] 



3). 3A > Vm e N V — ^ < Am 



k=m+l 

In this case the sequence M is not quasianalytic. Also from conditions 1) 
and 3) it follows that there exist numbers hi,h2 > such that 

Mk > hih^kl, Vfc G Z+. 

The same problem was considered in [3] (using other methods) under more 
weak restrictions on the sequence M. Namely, the conditions 2) and 3) were 
replaced with the following conditions: 

2) '. 3Hi > 1 3/^2 > 1 VA; e Z+ M^+i < HiH^Mk, 

3) '. 3Qi > > Vfc e Z+ Mfe > QiQ'^kl. 

Here wc study this problem assuming that the sequence M with Mq — 1 
satisfies the following conditions: 
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^i). Ml<Mk-iMk+u VA;eN; 

12). > 1 3i/2 > 1 yk,me Z+ Mk+m < H^Ht'^MkM^; 
is). Ve > 3ae > Vfc e Z+ < a^e^A;!; 
^4). 37 G (0, 1) 3bi > 362 > VA; G Z+ > hb^W; 
is), there exists a logarithmically convex non- decreasing sequence K — 
{K^)'^^Q with ii'o = 1 such that for some ti > 1, ^2 > 1 

t^'q^K^ <^< ht^K^: m e Z+. 

The sequence (m!")^^o (where a G (0, 1)) is a simple example of such a 
sequence. 

1.2. Definitions and notations. For u = {ui, . . . ,Um) G M™(C™), 

V = (vi, . . . ,Vm) G M™(C™) let < u,v >— uiVi + • • • + UmVm-, be the 
Euclidean norm in 

For 2 G C™, i? > let be a ball in of a radius i? with the 

center at the point z. Let Vrn{R) = ^m(l)-R^'" be a volume of Br[z). 
Denote the tubular domain M" + iC by Tq- 

an d C™) then the distance from x {z e C^) to the 

set we denote by dQ,{x){dQ,{z)). The distance from x G (2; G Jl) to the 
boundary of Vl is denoted by An(a;)(An(-2)). 

For a locally convex space X let X' be the space of linear continuous 
functionals on X and let X* be the strong dual space. 

For open set Q in C"* HiVt) is a set of holomorphic functions in Q, , 
psh{^}) is a set of plurisubharmonic functions in Q. 

With a sequence L — {Lk)'^Q of positive numbers with Lq — 1 such 
that 

InLfc 



lim — - — = +00 



let us associate the function ujl- ooL{r) = sup In — for r > and a;x,(0) = 0. 

fcez+ -t^/fc 

If decreasing to zero sequence {em)m=i of numbers Sm is chosen then for 
brevity denote cjm(— ) by ujm{r), r > 0. 

1.3. Main results. Note that from the condition is) on the sequence 
M it follows that each function belonging to Gm{U) admits holomorphic 
continuation in C". Using the conditions ^4) and is) it can be shown (see 
theorem 1) that the space Gm{U) is topologically isomorphic to the space 
E{U) of entire functions / in C" such that for every £ > 0, m G N there 
exists a constant Cm,e > such that 

^WK{sdu{x))+WK{e\\y\\) 
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endowed with a topology defined by the family of norms 

qmeif) = sup ^^^^]^^\tJ^}^n^ , £ > 0,m G N. 

Here as usual x = Rez, y = Imz. 

For description of dual space to Gm{U) we use a method of paper [4]. But 
to use it first we have to study the Fourier-Laplace transform of tempered 
distributions with support in U{b,C). That's why we consider the space 
S{U) of C°°(C/) -functions / such that for each p e Z_,_ 

ll/IU= sup \{D'^f){x)\{l + \\x\\r<oo. 

x€V,\a\<p 

Let Sp{U) be a completion of S{U) by the norm || ■ y-. We endow S{U) with 
a topology of projective limit of the spaces Sp{U). It is known that S*{U) is 
topologically isomorphic to the space of tempered distributions with support 
in U{b,C) [5]. 

For each m e N let 

I f(z)\e-^^y^ 

VUTa) - {f e HiTa) : N^f) - sup ^ ii^ij^' ^ < oo}, 

Hm{Tc) ^{Fe H{Tc) : = sup , < 00} , 



,6Tce-'"(NI)(l + ^)- 



where z = x + iy,x E R". y E C . 

Put Hm{Tc) = U^=i i^m(Tc), H(Tc) = U^=iH,n^(Tc). With usual 

operations of addition and multiplication by complex numbers Hm{Tc) and 
Vb{Tc) arc linear spaces. Supply Hm(Tc) (14(7^)) with the topology of 
inductive limit of spaces Hm{Tc) (Vf,,m(^c))- 

The Fourier- Laplace transform of a functional $ e S*{U) e G*m{U)) 
is defined by formula 

The Laplace transform of a functional ^ E E*{U) is defined by formula 



${z) = (^,e'<^'^>), zeTi 



c- 



The following results on description of dual spaces are obtained in the 
paper. 

Theorem 2. The Fourier-Laplace transform T : S*{U) Vb{Tc) estab- 
lishes a topological isomorphism between the spaces S*{U) and Vb{Tc). 
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If b{y) = a\\y\\{a > 0) then we have well-known result of V.S. Vladimirov 
[1]. The main part in the proof of theorem 2 is proving that is acting 
"into". 

Theorem 3. The Fourier- Laplace transform, establishes a topological 
isomorphism between the spaces G\^{U) and Hm{Tc)- 

Theorem 4. The Laplace transform establishes a topological isomor- 
phism between the spaces E*{U) and Hm{Tc)- 

The proof of theorem 1 is given in the third section. The proof of theorem 
2 is in the forth section. Theorem 3 is proved in the fifth section and theo- 
rem 4 is proved in the sixth section. In the second section some properties 
of functions associated with the sequences M and K are given. A simple 
example of the set U{b, C) is given in [3]. 

Remcirk 1. The definition of the spaces Gm{U) and Hij^m{Tc) does not 
depend on a choice of the sequence {em)m=i- So we put Em — H2^, m e N. 
Thus, ivm{r) = cuM{H^r), r > 0. 

§2. Auxiliary results 

Lemma 1. For x > and s > 1 



X < In h sup In ■ . 

s - 1 rnez+ ml 

Proof. Let x > 0,s > 1. We have 

(sx)™ 1 (sa;)™ ^ 1 s {sxy 



1 < sup 1— > — = sup 

m=0 * "'^^+ m=0* * ^m&+ 



ml S"^ rnGZ^ rul ^ S'" S-1 ™,PZ^ ml 

From this the assertion follows. 
Lemma 2. Let s > 1. Then for r > 

/ \ / rr \ 1 Q-lHlS 

WM[sr) + r < WM{sH2r) + In . 

S X 

Proof. The lemma is true for r — 0. Now let r > 0. Then for s > 1 

( ST' ^ ^ S ST' ^ 

wm{st) -\- r < sup In — — h In -|- sup In — < 

fcGZ+ Mk s-1 rn&+ ml 

< sup m — — h m -I- sup m ■ 



k&+ Mk S — 1 meZ+ 

— sup m h In < 



< sup In — hm <WM{sH2r) +h\ . 

fc,meZ+ J^k+m S — 1 S — 1 

Lemma 2 is proved. 

Applying lemma 2 with s — (m e N) we have for each r > 
WMiH^r) + r < WMinr'r) + In < ^M(i^2"'+V) + In . 

2 2 

Setting Q = In — and taking into consideration definitions of Wm we 

H2 — 1 
have for each m e N 

«^m(0 +r < Wm+i{r) + Q, r > 0. (1) 
Define a function jV on [0, 00) as follows: 

X(r) = min (a; e Z+ : WM(r) = In ^1 , r > 0; A^(0) = 0. 

L J 

It is easy to check that for r e (^^g^, (k e N) WM(r) = In-^, 

j\/'(r) = fc; it;'(r) = 0,M{r) = if r G (0, Mi]. It is clear that lom is continuous 
on [0, 00). 

From the condition i^) on the sequence M it follows that there exists a 
constant > such that 

WM{r) < A^r^, r > 0. (2) 
Using the condition ^3) on M and lemma 1 we have for each e e (0, 1) 



WM{r) > sup In rrrr > In , r > 0. 

Thus, hm ^ = +00. 

r— ++00 r 

Now we shall estimate the growth of Af{r). Using the representation 

WM{r) ^ [' ^dt,r> 0, (3) 
Jo J 

we obtain 

WM{er) > r dt>J\f{r). 
Now using (2) we have 

N{r) < A^{er)^, r > 0. (4) 
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Lemma 3. For each ri,r2 > 

\wM{r2) - WM{ri)\ < Aje^{ri + r2)^~^\r2 - n]. 
Proof. Let r2 > ri > 0. Using (3) and (4) we have 

WM{r2) - WMin) = f ^^^^ dt < -fA^e^{r2^ - ri^) < 

Lemma 3 is proved. 
Lemma 4. For each N e N 

wxif) -\- Nlar < wxier) + In Kf^, r > 0. 



Proof. Since M is a logarithmically convex sequence then for p,q & 

Mp+q > MpMq. So 

Let r > 0. Then for each N eN 



„m+N 



wk{t) -\- N\n.r < sup In — hlnr = sup In — < 



< sup In — < wxier) + laKj^. 



Lemma 4 is proved. 

By lemma 4 for e N and A> I 



WK{r) + N ln(l + Ar) < WK{er) + In 2>1 + In Kn, r > 0. (5) 
Lemma 5. For eac/i r > 2wi^(r) < wxier). 

Proof. For r = it is obvious. For r > we have 



^2m 



2wk{t) = 2 sup In —— = sup In — — < 



f^j.\2m 

< sup In ^7 < wxier). 



§3. Isomorphism of spaces Gm{U) and E{U) . 

Theorem 1. The spaces Gm{U) and E[U) are topologically isomorphic. 
Proof. Let / e GuiU) be an arbitrary. Then Va e Zlj: Ve > Vm e N 

From (6) it follows that for points x^^xq &V 

/(^) = ^^j - ^o) 

|a|>0 

and the series standing to the right of this equality converges uniformly on 
the compact subsets of F to /. 

Construct an isomorphism T : Gm{U) E{U) as follows. Let xq E V. 
In view of (6) and the condition ^3) on M 

\a\>0 

is an entire function. Note that for x eV Fx^^{x) = f{x). So for Xi,X2 G V 
F^^{z) = F^.^{z), z G C". Thus, we defined the function F G if(C") such 
that for each ,^ G V we have F = in C" and F{x) = f{x), x E V. Put 
T(/) = F. Obviously, the mapping T is one-to-one and linear. 

Let / G Gm{U). Now we shall estimate the growth of F = T{f). Let 
z — X + iy, X EV,y E R". Since 



|a|>0 



then for each m G N and £ > 



\F(z)\<p my ^'°'^Hlbr 

PniAJ) \ ^ N \\„.\\N 



^ ' N=0 \a\=N 



iviiyii ^, _ ^ 



sup 



:i+Nir^o iV! - (1 + W)-Arez+ /Tiv 
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'^tiPm,e{f) ^WK(2ent2\\y\\) 



(1 + IN 

Now we estimate at the points z — x -\- iy such that x ^ V,y & 

Let ^ be an arbitrary point of V . Then from the representation 



\a\>0 



we have for each m e N and £ > 



|F(^)|<P..(/)E (lS-c.! ll^-^ll'"' 



+ A^! 

^ tiPmAf) (entail^: -Cll)^ ^ 

, 2tiPrn,eif) WK(26nt2\\z-m 

Thus, in this case for each m e N and £ > 

For m e N and s > let 

gm,s{^) = inf - eil) - mln(l + ||e||)), 

where z = x + iy and a; ^ y e M"'. 
Since 

WK{s\\z-m-mH^ + m\)< 
< wk{2s\\x - m - mln(l + UW) + WK{2s\\y\\) < 
< wk{2s\\x - +mln(l + \\x - ^\\) +WK{2s\\y\\) - mln(l + ||a;||) 
then 

gm,si^) < wxi^sduix)) + ■m\n{l + duix)) + WK{2s\\y\\) -mln(l + 
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Using inequality (5) and putting dm,s = '"^1^(1 + ^) + Ini?^ we have for 
z ^ X + iy with x ^V, y eW^ 

9m,s{z) < uJK{2esdu{x)) + a;if(2s||2||) - mln(l + + dm,s- (9) 

Going back to (8) and using (9) with s — 2ent2 we obtain 

\F{z)\ < j{^^p^^(^f^e'^K{46ent2du{x))+WK{ient2\\y\\)-mln{l+\\x\\)^ ^-^q^ 

where x ^V,y e W\ Ajn,£ = 2^le'^'"■^ Using (7) we conclude that (10) holds 
everywhere in C". 

Now we shall continue the estimate (10). For each z e 

\F{z) \ < /I^^p^^(^j)e*"if(4£ent2rfc/(a;))+«)x(4erat2||y||)-mln(l+p|j)+mln(l+||j/||)^ 

Again using inequality (5) and putting 3^,6 = KmAm,e{^ + 4^)"" we have 
for each £ > 0, m e N 

\F{z)\ < 5^^^p^^^(/)e^^(4^^"*2dc7(a;))+«;K(4£nt2||2/||)-mln(l+||z||)^ 

z e C". 

Thus, for each e > 0,m E N 

This means that T is a continuous mapping from Gm{U) to E{U). 

Now we prove that the inverse mapping is continuous. Let F G E{U). 
Show that f = F\u belongs to Gm{U). Let m e N, £ e (0,1), > are 
arbitrary. Let x eV . For every a G Z" 

(i+W) [D f)[x) y.,(.)(Ci-^i)-+^---(Cn-x„)-+i'^' 

where Lr{x) = {C = (Ci, e : \Cj - Xj\ = R,j = l,...,n}, 

d( — d(i • ■ • d(n- From this 

(1 + \\x\\r\{D'^mx)\ < ;^max(l + ||C - x\\r{l + ||C||)"^|F(C)I < 



< ^{1 + VnRy'^qm,e{F) max e^^("'^^(«))+"'^("ll''ll) < 



^ _±_n /' p^„2u)K(£A/^^R)+"^ln(l+V^^i^) 



Using lemma 5 we have 



;i + ||a;|n(D"/)(a;)| < ^^^_^(F)e--(-^^)+-i°(^+^^). 
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Now using inequality (5) we have for each R> 



Consequently, 



lal' , , / 1 \™ 

:i + \\xmDy){x)\ < \±KUe'eV^P U + " W(^) < 



This means that 

Thus, the mapping is continuous. 
Theorem 1 is proved. 

§4. Description of S*{U) in terms of the Fourier-Laplace transform 

Let C* = G M*" : < x > > 0, Va; e C} be a dual cone to C, pr C 
be an intersection of C with a unique sphere. For r > let Br — & : 
IICII ^ -^r be an exterior of Br- 

Lemma 6. For y e C,m eN let 

9(0 = -<e,?/>+mln(l + ||e||), eeK" 

r/ien there exists a number d > not depending on y such that 

sup 5^(0 < Ky) + dm + 3m\n ( 1 + ^ ) +2mln(l + \\y\\). 



Ac(y) 



Proof. Since b is continuous and positively homogeneous on C then there 
exists a number r > e such that \b{y)\ < r\\y\\ for y E C. So U C C* + B^.. 
There is a number i?o > such that for all R > Rq the set Ur = 11(1 B^ is 
not empty. Let Ur = U\ Ur, Ir = {C* + Br) n Br, Ir = {C* + Br) \ Ir. 

Let ^0 e V he arbitrary. We will show that for each y E C there exists 
a number Ri > Rq such that sup g{^) < g{^o). Note that ii R > R2 = 

max(i?o, 2r + then 

sup g(0 < sup_ g(^i) + sup g{^2) = 
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= sup sup {—t < a,y > +mln(l + t)) + sup ^'(^2) = 

aepr C* t>R-r (.2&Br 

< sup (— (i? — r) < (7, y >) + mln(l + i? — r) + r||y|| + mln(l + r) = 

u&pr C* 

= -{R - r)Ac{y) + mln(l + i? - r) + r\\y\\ + mln(l + r). (11) 

Show that for each y E C there exists a number > such that for R> R3 
the following inequaUty holds 

-(R- r)Ac{y) + (2m + (r + 11611)112/11) ln(l + R - r) < 0. (12) 
Then we will have 

-{R - r)Ac{y) + m ln(l + R - r) + r\\y\\ + m ln(l + r) < g{^o). (13) 

Note that the set of solutions of an inequality x — Aln(l + a;) > with 
a parameter A > 1 contains the interval [A^.cxo). Let A = ^"^+(^+ll^o 11)11^11 _ 
Since r > 1 then A > 1. So the inequality (12) holds for all R > R3 = 

r+{ '-^'Z!ff Leti?, = 3r+i?o + ^+( ^-Xf.)""'T - ^^^^ 
(11) and (13) it follows that sup g{^) < g{io). This means that sup5'(^) = 

sup g{C)- So the point ^ at which the upper bound of function g on U is 

attained belongs to Urj^. Making elementary estimates we find a constant 
d > depending on r,RQ,m and ^ such that 

ln(l + lieil) < d + 31n (^1 + + 2 ln(l + \\y\\). 

Hence 

sup (7(0 = 9{i) = -<Ly> +mln(l + ||e||) < 

< h{y) + dm + 3m In ^1 + ^^^^ + 2mln(l + \\y\\). 
Lemma 6 is proved. 

Proof of theorem 2. Let $ G S*{U) be an arbitrary functional. Then 
<^ is a holomorphic function in Tc ([1], [2], [5]- [8]). So there exist numbers 
m e N and c > such that 

\i^J)\<c\\f\L,u, feS{U). 

Putting f{^) — e^<^'^> (here z — x -\-iy,x & R", y E C) we have 

1^(^)1 < c sup |(i^)V<^'^>|(l + lieil)"' < 

^eV,\a\<m 
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< c(l + ||^||)"*e«' 



sup{-<e,2/>+mln(l+||^||) 



Using lemma 6 we obtain 




1 



) 



3m 



^(^)|<c(l + 11^11) 



Ac(z/) 



: ZeTc. 



So the mapping acts from S*{U) to Vb{Tc). 

It is known [5, p. 20] that S*{U) is an inductive hmit of increasing 



This means that JF is continuous. 

Proving that J-' is bijective and J-'~^ is continuous is the same as in [1]. 
Thus, is an isomorphism. 

Remcirk 2. Let e > 0, rj E prC. At the end of paper [8] it was shown 
by J.W. dc Rocvcr that if ^ G S*{U) then there exist numbers > and 
m e N (not depending on £ > 0) such that 



1^(^)1 <C,(l + ||z||re''(^), z^x + iy,y eer] + C. 

§5. Space Gm{U) and its dual. 

Using the Arzela-Askoli theorem it is easy to show that Gm{U) is the 
(M*)-space (definition of (M*)-spaces see in [9], [10]). 



Cm{U) = {fe C{U) : p„(/) = sup |/(a;)|(l + \\x\\r < oo}, m e N. 



By standard scheme ([4, Propositions 2.10, 2.11, Corollary 2.12]) one can 
prove the following lemma. 

Lemma 7. Let T e G'j^iU) and numbers c > 0, m e N are such that 




Let 




|a|>0 
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Lemma 8. Let S G G'^iU). Then S G Hm{Tc)- 

Proof. First note that for each z = x + iy E Tc {x & G C) the 

function fz{i) = e*^^'^^ belongs to Gm{U). Indeed, for each m G N 

i(^.)"e-<'->i(i + iieiir ^ 

< sup ^ supe-<^'^>+'"^°(^+ll^ll) = e f^v 

Using lemma 6 and inequality (1) we can find a constant A > depending 
only on m such that 

/ . N 3m 

Pmif.) < Ae'^'"+H+i(ll^ll) M + j . (14) 

Here r is a number which was defined in the proof of lemma 6. 

Now let S G G'm{U). It is clear that the function S{z) = (S',e^<5'^>) is 
correctly defined on Tq- Using lemmas 7 and 6, condition ^4) it is easy to 
show that S G H{Tc). 

Since there exist numbers m G N and c > such that 

|(^,/)| <cp^(/), f&GuiU). 
then using (14) we obtain 

(-1 \ 3m 
1 + — — - 
^c{y) 

Thus, S G Hm{Tc). 

Obviously for each m G N embeddings jm '■ Hb^rn{Tc) Hb,m+i(Tc) 
are completely continuous. So Hm{Tc) is (LA'"*)-space (definition of {LN*)- 
spaces see in [9], [10]). 

In lemmas 9 and 10 the following notations will be used. A point z — 
{zi, . . . ,Zk) G C'^ (A; = 2, 3, . . .) will be written in the form z — {z', Zk), where 
z' = iz,,...,Zk-i)eC>'-\ 

For k = 1, . . . , n - 1 and z = {zi, . . . , Zk) e , ( e let Lpk{z, () = 
ip{zi + Ci, • • • , 2fe + Cfc, Cfc+1, . . . , Cn), for ^ = (^1, ...,Zn) EC and C e C" let 

^n{z, C) = V{Zi + Cl, . . . , + Cn)- 

If / = Y7=ifkdzk is a form of type (0, 1) in C"^ then put \\f{z)f = 

For u G C\Vl) (O is an open set in C™) du = ^"Jl^^^dzj. For a 

definition of the d operator on forms see [11]. 
By Xm denote the Lebesgue measure in C". 
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Lemma 9. Let O be a domain of holomorphy in C". Let ip G ps/i(C") and 
for some > and u > 

\ip{z) - ip{t)\ < 
if \\z — t\\ < ■ Let h e psh{0) and for some c/j > 

\h{z)-h{t)\ < Ch 

<min(l,^). 

Let f e H{C^~'^ X O) (here k ^ 2, . . . ,n) and for some c/ > 0, m > 



|/(z',C)|<c,(l + ||(;.',C)||r^l + ^j e 

Then there exists a holomorphic function F inC'' xO such that F{z', 0, Q — 
f{z', C) for z' e C''-\ C^O and for some C > 0, > 

Proof. Let the function fi E C°°[0, oo) be such that for t > < /i(t) < 
1 and < 4, ^{t) = 1 for t e [0,|],/x(t) = for t > L For z G C^ 

C e C" let 

//,(z,C)=/i((l + v^||(^',C)liri^.|)- 
Note that Hk{zX) — ^ out of the set 

ilk = {{zX) e C^+" : (1 + \/2||(;2',C)||)1;^fe| < !}• 

For j = 



^^'(^,c) = ^H^;^i/^'((i+v^ii(^',c)iiri^.i)(i+V2ii(^',c)iir^ 



•J 



For every j — 1, . . . ,k — 1 

^izx)^^i^\zk\fi\{i+V2\\{z\o\\r\zk\){i+^^^^^^ 

Further 

^(^,c) = 2/^'((i + ^ii(^',c)ii)i^.i)(i + v^ii(^',c)iir^. 
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Let 



w, = {{zX) e C'^^^ ^ ^ < (1 + ^IK^'' 0\\r\zu\ < 1}. 



Obviously, dHk{z, C) = out of Wk- If {z, Q e Wk, then 



\\dH,{z,or^Yl 



dzj 



>,0 



OH, 
9Ci 



(/.'(i + ^ii(z',c)rk.i)(i + ^ii(;.',c)iin^ 



2u'\z,\' 



<4(l + V2||(^',C)||) 



2u 



{i + V2\\iz',c)\\y 



+ 1 < 



,(i + ^||(^',C)ll)^+^'^ 

<4(2z/2 + l)(l + V2||(;.',C)|ir^ 
Thus, everywhere in x O 

\\dH,(z, oir < 4(2^' + i)(i + V2\\(z', owr. 

Choose a function v/. e C°° {C^ x C) with suitable bound so that the function 

F(z, C) = /(/, C)Hk(z, C) - C), (z, OeC'x O, 

(for which F{z', 0, C) = C) if (z', () e C^-^ x O) is holomorphic in x O. 
So Vk e C°°(C'^ x O) must satisfy the equation 



dvk{z, C) = 



f{z\C)dHk{zX) 



Zk 



, (^,C)eC^xC 



(15) 



Denote by gk{zX) the form of a type (0,1) standing to the right of (15). 
Note that gk{z,() is a zero form out of Wk- Directly can be checked that 
dgk{z, C) = in C'^ X O. If {z, C) e Wk, then 



hkizXW^ 



< 



< 36(2l/2 + l)cj4'^(l + ||(/^^)||)2m,_i+4.g2(^.-i(^',0+MO+™fe-lln(l+s^))_ 

Putting ^1 = 36(2i/2 + 1)024^^ we have in C*^ x O 

hkizXW < ^1(1 + ||(;,',()||)2m.-i+4.g2(c,_i(.',C)+MC)H-m,_iIn{l+^))_ 
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Note that for {z, () G flk 

\\{zi + Ci, . . . , Zk + Ck, Ck+l, ■ ■ ■ ,Cn) - + Cl, ■ ■ ■ ■, Zk-1 + Ck-l, Ck, ■ ■ ■ , Cn)\\ < 



< ^ < 



(1 + V2\\{z', c) ID- - (1 + 11(^1 + Ci, ■ ■ ■ , zk-i + Ck-i, Ck,..., Cn) \\r ■ 

Hence for (zX) G \fk{z,C) ~ fk-iiz',C)\ ^ c,^- Now we can obtain an 
integral estimate on C)||. We have 

- L (1+ 11(^,0 - 

< ^ / (l + ll(^^C)ll^ d\ n < 



(l+\/2||(^',0||)'' 



Theorem 2.2.1' in [12] provides a solution G C°°{€.^ x O) of the equation 
(15) such that 



i 



\Vk{z, Q\2^-'iifk{z,C,)+h{C,)+mk-i ln(l+3^)) 

(1 



c^.o (1 + 11(^,0 II + II (^,C)P)^ 

1^^^^ |2g-2((pfc(2,C)+/i(C)+mfc-i A^)) 



d\n+k{z, C) < 



,C.xO (1 + 11(^,0 ||)2("+'"^-+^+'^)-^ 

Further we have 



[ \F{z (^)|2g~2(''''^(^'^)+'^(^)+"^'^-i^°(^+A^Tc))) 

ic^xo (1 + ll(kc)ll)^("+"^-^+'=+'^)-Hi + ll(^,C)IP)^ dK+k{zX) < 

- ^XO (l+||(^,C)ll)^("+'"-^+'=+^)-ni+ 11(^,011^)^ a^n+kKZ,^) + 
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g2(ipfe_i(z',C)-ipfe(z,C)) 



(i + ||(^,C)||)2("+'=+^)-Hi + 11(^,011 



/c^xo (i + ll(^,C)ll)^("+"^-^+^+'^^-^(i + ll(^,C)IIT - 



/c"+^ (1 + 11(^,0 IPn'=+^+^ 

/ 



lb.(^,C)IPe-^^'^''(-'^^+^(^»+-''-^'-^^+^»dA„+,(^,C) _ , ^ 

^xO (1 + 11(^,0 ||)^(-+--^+^+'^)-l 

Now from integral estimate we obtain uniform estimate on F by 
standard arguments (see, for example, [13, p. 205]). Let R — 

--(^' iOWskc^)- We have in x O 

|F(^,C)r<^77^ / \F{t,w)\' dXn+k{t,w) < 

l^u+k[^'(-) J 

Br{z,0 

< A2 sup (^^■^(v>k{t,w)+h{w)+m,.^Hl+^^))^^ ^ ||^^^^^||^2(n+mfc_i+fe+<.)+5^ 
{t,w)eBii{z,0 

(16) 

Since ||w — (\\ < min ^1, ^^^^ then \h{w) — h{()\ < Ch- Note also that for 
{t,w)eBR{z,C) 

\\{ti +Wi,...,tk + Wk, . . . , Wn) - (Zi + Cl, ■ ■ ■ , ^fc + Cfc, Cfe+1, ■ ■ ■ , Cn) II = 

= \\{h,...,tk,0,...,0) + w-{zi,...,Zk,0,...,0)-C\\ < ||i-^|| + ||w-C|| < 
<2R< < ^ 



(1 + ^211(^,011)'^ " {i + \\izi + Ci,---,zk + Ck,Ck+i,...,Cn)\\r' 

Hence for (t, w) G Br{z, () \(pk{t, w) — (pk{z, C)\ < c<^- From this and (16) we 
have for {z, C) G x O 

l^<^'«l' ^ — i^(2+ ii(.-,c)ii)*->--'->- (1 + ^) ■ 

4 \ 2{n+fc) 



Ao(C) 



+ 2(1 + V2\\{z, CW ) e2(^^+'^'')e^^(^'^)+'*(^). 
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Thus, there exists a constant C > such that in C x O 

where rrik — {n + k){i' + 1) + nik-i + 3. 
Lemma is proved. 

Lemma 10. Let O be a domain of holomorphy in C". Let (p e ps/i(C") be 
such that for some > and u > \(p{z) — (fi{t)\ < if \\z — 1\\ < jY+^t^) 
h e psh{0) be such that for some Ch > \h{z) — h{t)\ < Ch if z,t & O and 
<min (l,^). 
Let f e H{0) be such that for some Cf > 

1/(01 <c/e'^(^)+'^(<), CeO. 

Then there exists a function F G i/(C" x O) such that for ^ e O 
F(C, C) = /(() and for some C >0 andN >Q 

|F(;.,C)|<C(l + ||(;^,C)||)^(l + ^^)''e^(^)+'^(«, zeC% C^O. 

Proof. Let fi E C°°[0,oo) be such that for t > < n{t) < 1 and 
\fJ-'{t)\ < 4, nit) = 1 for i e [0,11 nit) = for i > 1. For C x O let 
Hi{zi, C) = //((I + llClD'^l'^il)- Note that Hi{zi,C) = out of 

Q, = {{z,,C)eC"^':{l + \\C\\r\z,\<l}. 

Let 

W^i = {(^i,C)eC"+^:^<(i + ||Cliri^i|)<i}- 

For {zi,C) eCxO 

^{zi, C) = ^/^'((i + IICIDI^iDH^iKi + IICII)'^-^^, j-i,...,n, 

dCj 2 IICII 

BH 1 7 

^(^1, = 2/^'((i + IKII)1^i|)(i + IKIir^. 

Obviously, dHi(zi, C) = out of Wi. For (zi, () e W^i 

n 

\\dH,iz„c)r-Yl 
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2 




^0 


+ 


(9^1 



Thus, in C X O 

iiMi(^i,c)ir< 4(1.2 +i)(i+iicii)^^ 

Choose a function vi e C°°(CxC}) with suitable bound so that Fi(zi, () — 
f{C)Hi{zi,() ~ ^I'^ii^iX) is a holomorphic function in C x O. Obviously, 
Fi(0,C) = /(C), C e O. The function vi e C°°(C x O) will be found as a 
solution of the equation 

dv,iz„ C) = (.„ C) G C X (17) 

Denote by gi{ziX) the form to the right of (17). It is easy to check that 
dgi{ziX) = in C X O. It is clear that gi{ziX) is a zero form of a type 
(0, 1) out of Wi. If {zi, C) e Wi then 

||^i(^i,C)ir = ^-^^\\^H^{z^,C)r < 4e2(^(«)+'^(^))36(z.2 + 1)(1+ IICII)^^ 

I 

Putting Bi = 36(i/2 + l)cj we have in C x C 

Recall that for (-2i,C) ^ C"+^ (^i(^i,C) = (^(d + ^i, (2, ■ ■ ■ , Cn) and 

|<^i(^i,C) - ^{C)\ < if (^1,0 e ^1- 
Further 

||gi(^i,C)fe-2(^^(-^-0+^(0) ^^ 

" 4 (1 + 11(^1,011)-+^+- - 

r (1 + ||C||)2-e2(^(0-^^(-^.C)) 

- ^ (1 + 11(^1,011)-+^ - 
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C" (i + IKII)^"+^ 



(l+IICII)" 



Theorem 2.2.1' in [12] let us to find a solution vi e C~(C x C) of the 
equation (17) such that 

icxo (1 + 11(^1, C)ll)^"+^^+Hi + 11(^1, OUT 

-icxo (1 + 11(^1,011)^"+^^+^ ^A„^i(-i,0- 

Prom this 

icxo (i + II(^i,OII)^"+^^+Hi + II(^i,OIIT'^^"'''^^" - 

|/(OP|gi(^i,OPe-^^'^^(-^-^^+^(^)^ . 

- icxO (1 + 11(^1,011^+^^+^1 + 11(^1, OUT "^'^ ''^^ 

^ icxo (1 + ll(-i,Olir+^^+ni + 11(^1, OUT 

- L (i + II(^i,OII^+^^+Hi + II(-i,OIIT'^^"^'^''' 

/ |^i(.i,OPe-^(^^(-^-0+MO) 

icxo (1 + 11(^1, OII^+^^+Hi + 11(^1, OUT "^'^ ''^^ - 



Jc 



(1 + 11(^1,011^+^ 

2_-2(¥,i(zi,C)+h(C)) 



+ 



icxo (i + ll(-i,OII)-+-+Hi + ll(^i,OIIT " ' ^ 



Now we pass to uniform estimates on Fi. Let {ziX) G C x (9 and R — 

min 2(i+V2|Kzi c)ll)'' ) ' I -^1(^1, OP is a plurisubharmonic function 

in C X O then 

|i^l(^l,Or < W / \F,{tuw)\''dXn+l{tuw). 
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From this and previous integral estimate on Fi we obtain 

sup 2{ipi{ti,w) + h{w)) 
.(2+ ||(^^,C)||)2"+2'^+7g(ti,«')eBfl((zi,0,-R) 

Since here \\w — (\\ < min(l, ^^^) then \h{w) — h{C,)\ < Ch- Also we have 
for {tr,w) e Br{zi,C) 

+ Wl,W2, ...,Wn) - {Zi + Cl,Cl, • ■ ■ ,Cn)|| < 1^1 - + \\w - (\\ < 

<2R< ^ < ^ 



;i + V2||(^l,C)||)^ " (l+||(^l + Cl,C2,---,Cn)||r ■ 

Hence for {ti,w) e Bji{ziX) 

\(pi{ti,w) - cpi{ZiX) \ = \^{ti+Wi,W2, ...,Wn)- 93(^1 + Cl,C2, ■ ■ ■ Xn)\ < C^- 

Using this inequahties we find a constant Ci > such that for (2:1, C) £ C x O 



ii^i(^i,c)r < 11(^1, c)iir^'^+'^'^+' 0+ A^) 



ra+l 



Successively applying lemma 9 (n — 1) times we will construct a function 
F„ e i/(C" X O) such that F„(0, . . . , 0, C) = /(C) for C e O and for some 
c„ > and > 



\F^{z,C)\ < C„(l + ||(z,C)|ir (1+ A^)''"''"^''^^"''^^^' ^^'^^ e C" X O. 

For (^,0 e C" X C» put F{z,C) = K(z - CO- Then F e //(C* x O), 
i^(C, C) = /(C) for C e O and 

|F(^,C)| < C(l + 11(^,011)^ A^)''"''^'^^'^^^' e C" X 0, 

where C = (1 + V2)^C„. 
Lemma 10 is proved. 

Remcirk 3. The definition of functions i^jt in lemmas 9, 10 comes from 
[14]. 
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Lemma 11. Let O be a domain of holomorphy in C". Let ip G psh{C"') be 
such that for some > and u > \(p{z) — (p{t)\ < if \\z — 1\\ < -^j^:^^, 
h e psh{0) be such that for some > \h{z) — h{t)\ < Ch if for z,t & O 
\\z-t\\ <mm (l,^). 

Let a function S e H{C"' x O) satisfies to inequality 

\S{z,C)\ < e^(^)+'^(^\ zeU'X^O, 

andSitO-OforC^O. 

Then there exist functions Si, . . . ,Sn G H[<C^ x O), numbers C > and 
N >Q such that for {z, ^ e x O: 

n 

b ) for each j = 1, . . . ,n 



|5,(^,OI<^^(i + 11(^,011) 



N 

Ao(C), 



Proof. Let L{z, C) ^S{z + (,(), ze C", C&O. Then 

\L{z, 01 < e^"("'^)+'*(^\ {z, e C" X O, (18) 

and L(0,C)=5(C,C) = 0forCeO. 

For Zi,...,Zn G C,z G C",C G O let Li{ziX) = L{zi,0, . . . ,0,0, 
L2{zi, Z2, C) = L{zi, Z2,0,...,0,C), ... , Ln{z, C) = L{z, ()■ In view of (18) 
for A; = 1, . . . , n 

\Lk{z,0\ < e'^^^''^^+^^^\ {z,C,) eC'xO. (19) 
Since Li(0, C) = VC G C» then 

^rH^i,c) 

^1 

is a holomorphic function in C x O. Let us estimate its growth. For C, & O, 

l^^l - (i+IICID- 

|V'?^(^i,C)l<(l + IICll)^e'^^^^'^^+'^^^- 
ForCeO, l^il < (^qrj^ 

Li{ti,0 



(1)/ _ -^1(^1, C) 



\^?{z,,0\< max 
1*1 1 



(i+IICII)"' 
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< e2^^(l + ||(||)^e^i(^i'0+MC)_ 



Thus, putting Ai = e '^,mi = u for Zi E C, ( ^ O 



|^r(;.i,C)| < + 11(^1,011)"^^ ^1 + ^ J e 

Note also that in C x O Li(;2i, C) = O-^i- 

Let for A; = 2, . . . , n there are functions e H{<C^-'^ x O) (j 
1, . . . , /c — 1) such that 



fe-i 



Lfe_i(zi,...,zfe_i,c) = Xl^f (^i,---,^fe-i,c) 



^3 



and numbers > and mk-i e N such that for all z' E<C^ C ^ J = 



According to lemma 9 for each j = 1, . . . ,k — 1 there exists a function ijjj 
holomorphic in C*^ x O such that 

ipf\zu Zk-i, 0, C) = V'f "^H^^i, • ■ • , Zk-i, C), zi,..., Zk-i eC,C ^O, 

and numbers Bk > and rhk > such that for z — {z', Zk) G C*^, C, ^ ^ ^^'^ 
for all j = 1, . . . , A; — 1 

^ + MC)j e-'=(^'^H'^(^). (20) 

Put 

Yk{z, C) = - Qz, - ... - i^fl,{z, C)zk-i, zeC'X^O. 

Using (19) and (20) we find a constant > such that 

Also note that for ^i, ... , Zk-i E CX ^ O Yk{zi, . . . , Zk-i, 0, C) — 0. Hence 

Zk 
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is a holomorphic function in C'^ x O. 

Let us estimate a growth of Put Rk — 2{i+^l{z' cw ' ^' ^ 
CeO,\zk\>Rk 

1 + __ j e^.(.,C)+MC). 

For z' e C e k^l < Rk, 



iV'^l^'^^fe^OI < max 



(1 \ 
1 + ] e^^*'(l + ||(z, C)||)"*'^+'"'"^e'^'^^^'^^"^''^^^ 

Put mfc = mfc + z/ + 1. From this and (20) it foUows that there exists a 
constant > such that for all j = 1, . . . , A; 

Note that Lfc(z, C) = 0-^i + ■ ■ ■ + i>f{z, Qzk, z e C\C & O. So if 

k — n then 

C) = L{z, C) = {z,Ozi + ... + ^i") O^n, ^ e C", C e C?- 

Besides that for each j — 1, . . . ,n 

^+MC)j e^-^^'^+'^K). (21) 

Thus, we have 

S{Z, = i:^r\z - C, 0(^1 - Cl) + ■ ■ ■+^^n\z - C, C){Zn - (n), ^ G C^ ( ^ O. 

For z e C", C e O let Sj{z, Q = ijf\z - CO- Then 

n 

5(;.,C) = $^5,(;^,C)(%-0), ^eC", C^O. 
Putting = rUn, C — AnT^" from (21) we have for each j — 1, . . . ,n 
\S,{z,C)\ < C{1 + 11(^,011)^ (l + A^)''^''^'^^'^'^ zeC-XeO. 
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Lemma 11 is proved. 

Remcirk 4. The idea of proving lemma 11 comes from [4]. 

Proof of Theorem 3. By lemma 8 the linear mapping L : S E 

G*m{U) S acts from Gl^(f/) into Hb,M{Tc)- 

Before we show that L is continuous note that the topology of G\,j{U) 
can be described as follows. Let Wk = {/ G Gm{U) '■ Pk{f ) ^1}) k E N. 
Let = {F e G'm{U) : < 1, V/ e W^} be a polar of in 

G'j^{U). Let Ek = [J(«W^fe) be a vector subspace in G'j^{U) generated by 

a>0 

polar W^, k = 1,2, . . .. Define a topology in Ek with the help of the norm 

qk{F)= sup FeEk. 
feWk 

Note that G'j^iU) = IJfcli Fk- Define in G'^j{U) the topology A of an inductive 
limit of spaces Ek- Since Gm{U) is a refiexive space then the strong topology 
in G\^{U) coincides with the topology A [15, chapter 8]. 
Now let S e E^, m e N. Then 

\(S,f)\<qm{S), feW^. 

Prom this it follows that 



\{S,f)\<qUS)Pm{f), feGMiU). 
Putting here /(^) = exp{i < >) with z in Tq and using (14) we obtain 



\ 3m 



|^(;^)| < qm{S)Ae^-+iri+im\) (^1 + __J , (22) 

where a constant A> does not depend on z eTc- Let N{m) — max(m + 
[r] + 1, 3m). Then from (22) it follows that 

II^IU(^) < Aq^iS), SeE^im=l,2,...). 

Thus, L is continuous. 

While proving that L is bijectivc wc follow a scheme from [4]. 

First show that L is surjective. Let F G Hm{Tc). This means that F is 
holomorphic in H{Tc) and for some c > 0, m e N 



\F(z)\ Kce^rniM) 
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Since for some r > e \b{y)\ < r\\y\\ {y e C) then 

\F{z)\ < ce''(^)+-'"(ll^ll)+'-|l^ll (^1 + , ^ e Tc. 

Using (1) and putting ci = ce^^^^'^^^^, k — m+[r] + l we have 
\F{z)\ < c^e^M^biimz) f-^ ^ — i— ^ , zeTc. 

Note that functions h{C) = b{ImC) + mln(l + ^^r^) (-^ e C", C e Tc) 

and 95(2;) = cUfcdlzll) satisfy to conditions of lemma 10. Then there exists a 
function $ G if(C" x Tq) such that () = F{() for C ^ and numbers 
C2 > and TV > such that for ;2 e C", C G Tc 

|$(;^,C)| < C2(l + 11(^,011)'^ A^)''"'^'"'^^''''^"'"^- ^^^^ 

Since $(^, C) is an entire function of z then it can be expanded in a power 
series: 

|a|>0 

By the Cauchy formula 

where a G Z" , i? > is arbitrary. From this it follows that Ca G H{Tc). 
Using (23) we have for ( E Tq 

l^"(C)l < ^ — ■ 

Using lemma 1 one can find a constant C3 > such that for each R> 
Hence for C £ 
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Since [16] 

QU)M{r) ^ 

inf — 7— = TT- ) k ^ 0,1, . . . , 
R>o Mfe 

then for q; e Z!J:, C e Tc we have 

Thus, for each a E Ca E V{Tc)- By theorem 2 there exist functionals 
Sa e S*{U) such that ^„ = C^,. 

From (24) and properties of (LA^*)-spaccs it follows that 

{M|a| ( ) C'ajaez:}: is a bounded set in V{Tc)- In view of the topological 

isomorphism of spaces S*{U) and T^(7b) the set A — {M\a\ ( ) Sa}aez'i 
is bounded in S*{U). Hence it is weakly bounded. By Schwartz theorem [1] 
there exist numbers C4 > and p e N such that 

|(F,/)|<C4||/||,,^, FeA, feS{U). 

Thus, for each a e Zl, f e S{U) 

n\l"l ll/IU 



\{SaJ)\<cA^ (25) 

Define a functional T on Gm{U) by the rule: 

(T, /) = 5] (5., i-ipD^), f e Gm(C/). (26) 

|a|>0 

It is correctly defined. Indeed, using (25) we have for each / e Gm{U), a e 

11,8 en 

\{s^,D-f)\<cJ^Y w- \{D-^'f){xm+\\x\\r< 

\£k+l/ ^^^\a\ xeU,\l3\<p 



- ^4 iri— sup 

\ek+lj M\a\ xeU,\()\ 



Using the condition ^2) for s > p we have 

\{S^,Dy)\ < C4 (^Ypsif) sup £H+l^l//ii/^l+l^lM|^| < 
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Now choose s so that r, = < 1. Then for each / e Gm{U), a e 

|(5«,L>V)I<C5tHp.(/), 

where C5 = c^HiMp. Prom this it follows that the series to the right of (26) 
converges and that 

\iT,f)\<jYZ^Psif)^ f^GMiU). 

Hence the hnear functional T is correctly defined and continuous. Besides 
that f ^ F. Indeed, for each z eTc 

f{z) = 5^(5„,(-^)l"IZ^"(e*<'^>)) = Y.{S^,{-ip{izr{e^<^^>)) 

|a|>0 |a|>0 
|a|>0 |a|>0 

Thus, L is surjective. 

The mapping L is injective. Indeed, let for T e G'j^{U) T = 0. We will 
show that T is a zero functional. Since T is a linear continuous functional 
there exist numbers m e N and > such that 

\{TJ)\<CTPm{f), feGuiU). 

By lemma 7 there exist functional Tq, e C!^{U) {a G such that 

(r,/)= ^(r«,D"/), /eGM(c/), 

and 

\{Ta,g)\ < -r;^Pm{9), 9 e Cm{U). (27) 



|a| 



Prom this we have for each z e Tc 

f{z) = J2 (Ta, {tzre'<''>) = ^l"l(T„,e^<«'^>)^". 



Let Va{z) = il"l(T«,e*<«'^>). Obviously K e //(Tc). Using (27) and lemma 
6 we obtain the estimate 
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where rfi > is some constant not depending on z = x + iy ^ Tq and a G Z" . 
Consider now the function S{u,z) = Va{z)u'^, z G Tc,u G C". Using 

|a|>0 

(28) we have 



3m 



1 \ ^"^ lUilll"! /«- \ l"l 

\ Mv) IPII / \ 



m+l^^-'lal |a|>o 

3m 

^UJm+l{\\u\\ 



Note that for each z & Tc S{z, z) = X]|a|>o ^a{z)z°' = 0. Then by lemma 11 
there exist functions 5*1, . . . , S'„ G H{C^ x T^) such that 

n 

i=i 

and numbers (i2 > and G N such that for j = 1, 2, . . . , n, ^ G C", ^ G Tc 
\S,{zX)\ < d2{l + 11(^,011)^ (l + ^-L^y e--+^(NI)+6U-C). (29) 
Next, we expand Sj in powers of z: 

|a|>0 

Using (29), (1) and Cauchy's inequahty for coefficients of power series we 
have 

max |Sj(z,C)| 
l^.>(C)l < mf < 

< inf ^rrn = 

il>0 (i?£^+2)l"l 
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where (is > is some constant. Choose /c e N so that £k\/n < Sm+2- Then 
\saO\ < UT- , C e Tc. (30) 

By theorem 2 there exist functional V'i.a ^ S*{U) such that z/'j q, = S'^^q. 
By (30) it follows that the set {Sj^aS^^ Mia\}a 

gzn is bounded in Vb{Tc). But 

then the set ^ = {^[f 'M|«|^j- 

z"j=i,...,n is bounded in S*{U). Hence it 
is weakly bounded. By Schwartz's theorem [1, p. 93] there exist numbers 
d4> and p G N such that 

|(F,(^)| <d4||kllU, Fe^, ipeS{U). 

Thus, for each j = 1, . . . , n and a e Z" 

^^J^II/IU /e^(C/)- (31) 

For j = 1, . . . , n and a e Z" with at least one negative component let ^j^a 
be a zero functional on S{U) and Sj^a{z) — 0, e C". Then 

n n 

j=l j=l |a|>0 

n n 

-EE ^^-."(o^r ■ ■ ■ z?^' ■ ■ ■ - E E -^.-."(o^^o = 

i=l |q|>0 i=l |q|>0 

n 

= E E ('5.-,(a„...,a,-l,...,a„)(C) " 5.>(C)G>", Z & C\ ( ^ Tc- 
j=l \a\>0 

Hence 

n 

K(C) = E('^^-.(-.-.".-i.->-")(0 - SjAOCj)- (32) 
The expression to the right of (32) can be represented in the following form 

Y.(^Uau...,a,.u...,a.){0+i{^J,a: ^ (e^<^'^>))) ■ 
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From this and theorem 2 it follows that 

3=1 

So, for / e G'm(C/) 

|a|>0 



\a\>Q j=l 



For arbitrary N eN and j = 1, . . . , n define sets 

BN^{a= {ai, ... ,an) e : ai < N, ... ,an < N}, 

Rnj ^{ai< N,...,aj^N,...,an<N,ae Z^} 
and a functional on Gm{U) by the rule 

(TV, /) = E (-^)'"' E(^(*^>' + (*.-,(a,...,a,_,...,.„), i^V). 

Then {T, f) = lim (Tjv, /), / e G'm(C/). 

iv— »oo 

From the representation 

(TnJ) = E( E ((-o'"'^(*.>,^^"/)+ 
+ E(-oi^|(*.-,(/^....,/3,_....,/^„),^^/))- 

we see that for fixed j G {1, . . . , n} the terms corresponding to a multiindex a 
with q;i < N, . . . ,aj < iV — 1, . . . , < iV, and the summands corresponding 
to a multiindex (3 — = an with /3i = ai, . . . , (3j = c^j + 

1, . . . , Pn — (^n annihilate each other. Hence 



j=l aeRN,j 

Now, using (31) we have for / e Gm{U) 
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Choose an integer s > k so that g = < 1. Then for / e Gm{U) 



, |a| + |7|+l,^ 
\lrr f\\ ^ S:^ ^4 £s M|q;|+|^|+i 
|(TiV,/)|<2^ 2^ sup . , < 



n . 

< E E d,M,^Mf) ( 

.7=1 aeRiv.i ^ 



< 



-N/AT I 1^n-l 



<d4Mp+iP,(/)ng^(7V + l) 

From this it follows that for each / e Gm{U) {Tn, /) — >■ as — > oo. Thus, 
(T, /) = 0, / G Gm{U). So, T is a zero functional. We have proved that the 
map L is one-to-one. 

By the open mapping theorem [17] is continuous. Thus, L is a topo- 
logical isomorphism. 

The proof of theorem 3 is complete. 

§6. On a dual space for E{U) 

Let 5" e G'j^{U). Define a functional T on E{U) by the formula 

(T,F) = (5,/), FeEiU), f = F\U. 

Obviously, T is a linear continuous functional on E(U). Let the map B acts 
from G'^j{U) to E'{U) by the rule B{S) = T. It is easy to see that the 
mapping B establishes topological isomorphism of spaces 5* e and 
E*{U). 

Prom this and the theorem 3 we obtain the following 
Theorem 4. The Laplace transform establishes topological isomorphism 
between the spaces E*{U) and Hm{Tc)- 
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